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T he classical case:

Discrete-time, time-invariant linear system

n
yn = (h*u)p= > hp—mum, n=0,1,...

m=0
hn are pre-assigned complex numbers (im-
pulse response)

un, INpUt sequence

yn output sequence

want to relate properties of (hy) or of the
transfer function

h(¢) = X% o ¢"hn |

to the input-output behavior




BIBO stability:

Theorem: Thereis a M > 0 such that for all

Sup lyn| < M sup |up|
neZ nez

it and only if

o0
> |hnl < M.

n=0



The system is called dissipative if the /5
norm of the output is always less or equal
to the /> norm of the input.

Theorem: A linear system is time-invariant,
causal and dissipative if and only if its transfer
function is analytic and contractive in the open
unit disk.

In other words, the system has a trans-
fer function which is a Schur function, or,
equivalently, if the kernel

1-h(Oh()* \
1—Cv*

IS positive in the open unit disk.




Aim of the work: to allow randomness
both in the impulse response and in the
input, and obtain similar results (also for
the continuous case)

Problem: A Gaussian input into a linear
system with random coefficients cannot be
expected to result in a Gaussian output

We use the white noise space setting and
replace the pointwise product by the Wick
product, enabling Gaussian input-output re-
lations when the underlying system has ran-
dom coefficients.

This has the advantage of preserving the
Gaussian input-output relation, while al-
lowing uncertainty in the form of random-
ness in the linear system under study.




Strategy: We now consider

Yn = Z hp—mQum, n €Z,
me

where the y,, unp and h, are now random
variables in the white noise space, or more
generally, in the Kondratiev space (or more
precisely, in some Hilbert subspace of it),
and where { denote the Wick product.

When one of the factors is not random,
the Wick product reduces to the pointwise
product.

The Hermite transform allows to translate
these problems into problems for analytic
functions (analytic in a countable number
of variables).



The white noise space and the Kondratiev
space

The function

K(s1 —s2) = exp(—|ls1 — 52||%2(R)/2) |

IS positive on the Schwartz space S of rapidly
decreasing, infinitely differentiable functions.

S IS a nuclear space, and the Bochner-
Minlos theorem ensures the existence of
a probability measure P on the Borel sets
F of 2 = &' such that

i(s,w) ¢ o . 2
/Q s dP (W) = exp(—sllf gy /2)-

The white noise space is W = Lo (2, F, P). |




The white noise space is a convenient set-
ting to define Brownian motion. An im-
portant feature here is the Wick product.

¢: denotes the set of sequences of integers
(ng,n1,...) wWhich are zero after a certain
stage.

An orthogonal basis of the white noise space
IS given by the Hermite functions (Hu),¢y-

These functions are computed in terms of

the Hermite polynomials,



Every element in W can be written as

F(w) = Z calHa(w), ca€C,
act

with
IFIZy = Y Jeal?a! < oo
act
The Wick product is defined through the
Hermite functions by

HaoHﬁ = HOH—B’ a, 3 € L.

It is independent of the chosen basis in the
white noise space

In general, the Wick product of two ele-
ments in the white noise space need not be
in the white noise space. The most conve-
nient space which is stable with respect to
the Wick product is the Kondratiev space
S_1.
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To define S_1 we first introduce for k£ <
N = {1,2,...} the Hilbert space H; which
consist of series in the H, such that

def 1/2
1flle = (Z |ca|2<2N>’m) < co.

acl

The Kondratiev space S_q is the inductive
limit of the spaces H,.

When either one of the factors f or g Iin
S_1 1s nonrandom, the Wick product (g
reduces to the pointwise product fg.
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Important point: There is an isomorphism
between the white noise space and the re-
producing kernel Hilbert space with repro-
ducing kernel

exp (z, w>52

Let z = (21,20,...) € CN. The linear map
I(Hy) = 2°

extends to a unitary map between the white
noise space and the Fock space. The map
I is called the Hermite transform.

Note that the the Hermite transform is a
unitary mapping from H,; onto the repro-
ducing kernel Hilbert space with reproduc-
ing kernel

Kp(z,w) = 3 2%(w*)*(2N)~e,
aEl
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Applying the Hermite transform to

n
Yn = Z hpn—mQum, n €N,

m=0

leads to the following: let

yn(w) = Z Yo (n)Ha(w)

acl
and
hn(w) = Z ha(n)Ha(w),
acl
where the coefficients y,(n) and hqy(n) are
nonrandom complex numbers. Then,

Yn — Z Ho(w) ( Z Z ha—ﬂ(n - m)uﬁ(m)) 3

acl meZ B<a
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After taking the Hermite transform

I(yn) = > 2° ( > 2 hapln— m)’dﬁ(m)) :

acl m=0 <«

Ya(n) = 30 —g X 8<a Pa—pg(n —m)ug(m)

We have two convolutions: the first is with
respect to the index in ¢, which is related
to the stochastic aspect of the system; the
second is with respect to the time variable.
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The Z transform (denoted by y, with vari-
able () then leads to

5(C,2) €Y 1(yn)Cm

ne ~
= 2% > ha p(Qug(¢)
acl [P<La
— (Z zaﬁa(g)> (Z zaaa(g)) .
acl ael

Definition: The function

H(C,2) = Yaecr 2%ha(C) = Lnez C"I(hn)) (2) |

is the called the generalized transfer function
of the system.

When all ho(¢) = 0 for a = 0, we retrieve
the classical notion of the transfer func-
tion. We can thus define a hierarchy of
systems, depending on the properties of
the function J7(¢, z).
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BIBO stable linear discrete time stochastic
systems.

Fix some integer [ > 0, and let £ >[4 1.
Consider h € 'H; and u € H.

Vage’s inequality
[ROullr, < A(k — DR[|k,
where

Ak —1) =Y (@N)U=Re,
ol

The above inequality expresses the fact
that the multiplication operator

Ty, © u+— hu

iIs a bounded map from the Hilbert space
‘H;. into itself, and that its operator norm
|Thllop,1, 1 Satisfies the inequality

[Thllop,i,x < A(k = DAl
We set

| Thllop.ik = I Thl-
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Definition: A random discrete time signal will
be a sequence (up) of elements in the Kon-
dratiev space, such that there exists a kK € N
(depending on the signal) such that

Note that k£ is imposed to be independent
of n.
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Theorem: Let ¥k >[4+ 1 and let (h,) be a
sequence of elements in H; indexed by N.
Then

(a) The sums

n
Yn = Z hp—mQOum, n €N,

m=0
converge absolutely in H; for all inputs (um),,cN
such that sup,, ¢y ||um|r < co, and
(b) There exists an M > 0 such that, for all
such inputs (un),cn, it holds that

sup ||ynllx < M sup ||un||x
neN neN

if and only if for all v € H; with |jv||p =1 it
holds that

> NTE ()]l < M.
neN
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In the nonrandom case, where the h, are
(nonrandom) complex numbers, the Wick
product reduces to a pointwise product,
and we have classical convolution systems.
Furthermore, in this case,

173,01l = [Bnl - 0]l

and we retrieve the well khnown BIBO sta-
bility condition

T he condition

S Ty, |l < M
neN

on the norms of the operators T, implies
condition in the theorem.
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/1-¢> stable random systems

Theorem: Letl > k+ 1 and assume that the
hn € 'H;. Then there exists M > 0 such that

00 5 1/2 00
> llunllg <M ) lunllg
n=0

n=0
for all inputs (un) such that the right handside
of the above equation is finite, if and only if
its transfer function belongs to H> (D) @ H(K;),
i.e. if and only if there exists a number ¢ > 0O
such that the kernel

— (¢, ) (v,w)”"

is positive in D x K.
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Dissipative discrete time random systems

Theorem: Let k € N. The operators sz are
bounded from H(K,) into itself. A linear op-
erator from Ho(D) ® H(K}) into itself is con-
tractive and such that

T(Mcf) = M;Tf
T(szf) — szTf

it and only if it is of the form

(Tf)(¢ z) = 7(C,2) f((, 2)
where ¥ is such that the kernel
Ki(z,w)
(1—¢v*)

(1-(¢2)7 (v, w)")

is positive in D x K.
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